Two types of artificial dielectric are examined; the first consists of an array of conducting rods and the second of a set of parallel conducting plates having perforations in the form of circular holes. Both these media are designed to operate for an incident electromagnetic wave, which is polarized so that its electric field is parallel to the conducting elements. It is found that the effective refractive index of such media is less than unity. An analysis of the propagation within these media gives results from which the effective refractive index may be calculated. The reflection which occurs at the interface between the medium and free space is also investigated.
The rationalized system of M.K.S. units is used throughout.
(1) INTRODUCTION In recent years a number of media have been devised which behave in a manner similar to a solid dielectric in that an electromagnetic wave travelling through the medium has a phase velocity which differs from the free-space value. It is convenient to describe such media as "artificial dielectrics," although, as will be seen later, some of their properties are, in fact, different from those of ordinary solid dielectrics. The most important common feature of such artificial dielectrics is that they consist of some regular arrangement of perfectly conducting obstacles.
The first such medium to be studied widely consists of a stack of equispaced parallel conducting plates 1 designed to act on a wave whose electric field is in a direction parallel to the plane of the plates. A mode of propagation, similar to the H ] 0 mode in a rectangular waveguide, is then established in the space between each pair of plates and is propagated with a wavelength given by the usual waveguide formula. 2 When the properties of an artificial dielectric are being examined it is convenient to define a refractive index, whose value is given as in optics by the ratio of the phase velocity in free space to that in the medium. Since phase velocity is always equal to the product of frequency and wavelength, the refractive index may be taken as the ratio of the free-space wavelength to the wavelength measured in the medium of radiation of the same frequency. For the metalplate medium being discussed the refractive index is therefore Correspondence on Monographs is invited for consideration with a view to publication.
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Eqn. (1) shows that the refractive index has a real value only if A o is less than 2a, and it is then always less than unity. For solid dielectrics the refractive index is always greater than unity, and it is already apparent that the term "artificial dielectric" is to be interpreted in a very general sense. A second type of medium, often referred to as a "metallic delay dielectric," was suggested by Kock 3 and consists of a 2-or 3-dimensional lattice of conducting elements. These elements are polarized under the action of an incident electromagnetic wave and the lattice then behaves as if it were a large-scale model of a solid dielectric, the conducting elements replacing the atoms or molecules of the dielectric. It was indeed this line of reasoning that led Kock to introduce such delay dielectrics. The phase velocity in a medium of this, type is normally less than in free space and it is for this reason that the name "delay dielectric" is applied. If the spacings between the elements can be kept reasonably small compared with the operating wavelength there is no dispersion, i.e. the refractive index is independent of the 51] wavelength. For many applications freedom from dispersion is a desirable property and the delay dielectric is then preferable to the metal-plate medium, for which the refractive index does depend on wavelength, as shown by eqn. (1) .
Artificial dielectrics are similar to solid dielectrics in that the phase velocity within the medium differs from that in free space. It is of interest to examine other similarities between the properties of artificial and solid dielectrics. When a plane wave is incident from free space on to a block of solid dielectric, a wave is transmitted into the dielectric and a wave is reflected back into the free-space region. Except in the special case of normal incidence, the direction of the wave transmitted into the dielectric, i.e. the refracted wave, differs from that of the incident wave. The direction of the refracted wave is given in terms of the refractive index by Snell's law. At the interface between free space and an artificial dielectric a similar change in the direction of the wave occurs and may be calculated from Snell's law, provided that it is suitably modified. The modification required usually takes one of two forms: in the first, which will be illustrated in Section 5.3, allowance must be made for the dependence of the refractive index of the artificial dielectric on the direction of propagation, and in the second, account has to be taken of a possible constraining action of the elements of the medium. The metal-plate medium demonstrates this effect, for the direction of propagation of a wave within the medium must be parallel to the plane of the plates.
At the interface between free space and an artificial dielectric reflection occurs, just as for the solid dielectric. Under certain circumstances, however, it is possible that additional reflected waves may be excited. The condition for this to happen may be derived from diffraction theory, and it has been shown 4 "
6 that such higher-order reflected waves arise at the interface between free space and a metal-plate medium if the angle of incidence is sufficiently large. It has been calculated and confirmed experimentally 7 
"
9 that a considerable fraction of the incident power may be diverted into these waves, thereby restricting the amount of power transmitted into the medium. This is a most undesirable effect. Such higher-order reflected waves are not, however, excited at the interface between free space and a metallic delay dielectric.
The principal object of the paper is to discuss extensions of the parallel-plate medium, and two modifications are examined. For both the refractive index is less than unity, and it is not difficult to see that this means that they will be dispersive. A refractive index less than unity implies a phase velocity v greater than v Q , the phase velocity of a plane wave in free space. It is well known, however, that the velocity of energy propagation must be less than v 0 and so less than v. This can be true only if the medium is dispersive.
(2) THE RODDED DIELECTRIC In his original paper on the metal-plate medium Kock 1 suggested that the metal plates may be replaced by curtains of wires; these wires are placed at right-angles to the direction of propagation, and if the spacing between them is sufficiently small each curtain approximates electrically to a metal plate. An incident wave which has its electric field parallel to the wires has its phase velocity changed by the same amount as if the wires are replaced by continuous metal plates. It is not, however, essential to restrict the wire spacing as suggested by Kock, and the more general structure shown in Fig. 1 is considered here. The rods are perfectly conducting cylinders arranged in a rectangular lattice. There is an obvious similarity between this structure and the strip type of delay dielectric, 10 - 11 and if the incident wave is polarized with its magnetic vector parallel to the rods the structure behaves as a delay dielectric. Investiga-
Rods of radius= r Fig. 1 .-Rodded medium.
tions, both theoretical and practical, have shown that the refractive indices obtainable in this way are, in general, too small to be of use, although there may be special applications in which a delay dielectric of this type would be of value. In the present paper only the case in which the incident wave has its electric vector parallel to the rods is considered.
The resemblance of the rod arrangement shown in Fig. 1 to the strip dielectric considered in a previous paper 10 suggests that the equivalent-circuit method there adopted may be applied in this case also. Thus for a plane wave travelling in the direction of the positive z-axis (Fig. 1 ) the arrangement may be regarded as a succession of gratings spaced at constant intervals, b, in this direction. Use is then made of Macfarlane's observation 12 that the "storage field" set up in the vicinity of each grating may be represented by an inductance shunted across a transmission line having the free-space propagation constant y 0 and characteristic impedance Z o , as shown in Fig. 2 . In the absence of 
provided that a is very much less than the free-space wavelength A o and r is much less than a. The equivalent circuit shown in Fig. 2 is the same as that deduced for the strip dielectric, except that the shunt reactances are inductive instead of capacitive. The same analysis 10 is applicable, and it is found that the rodded medium is equivalent to a continuous dielectric, whose refractive index, n, is given by 
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The representation of a medium of this type as a continuous dielectric ignores the fact that the fields within the medium are relatively complicated functions of position. However, the designer is normally interested, not in the fields within the medium, but in the phase change which it produces and the amount of energy reflected from its surfaces. Both these quantities are given correctly by the representation as a continuous dielectric, provided that the effective interfaces of the rodded medium are defined as shown in Fig. 3 . This implies The refractive index is real only if cos nO lies between plus and minus unity; for other real values of cos nd it is purely imaginary, which implies that the wave within the medium is exponentially attenuated in the direction of the z-axis. Since A is positive, cos nd is greater than unity when 6 equals zero; as 8 increases from zero, cos nd decreases from the value (1 + A) and becomes equal to unity when cos 6 + -sin 6 -1
The smallest value of 6 which satisfies this equation corresponds to the longest wavelength, A c , for which propagation is possible. This cut-off wavelength is a most important parameter of the medium and its value will be frequently required in the remainder of the discussion. The roots of eqn. 
Since A is positive, eqn. (9) always has a root, 6 C , less than 2TT and so less than the smallest root in the set given by eqn. (8); 8 C is therefore the value of 6 corresponding to the cut-off wavelength A c . The cut-off wavelength has been calculated from eqn. (9) , and in Fig. 4 When 6 becomes larger than 6 C , cos nd continues to decrease and equals -1 when
. (10) Again there are two sets of solutions for this equation, the first being
and the second the roots of For the limiting case when 6/A 0 , and hence 6/A t ., tends to zero, eqn. (13) reduces to
which is of the same form as eqn. (1) for the plate medium. The simpler form of eqn. (14) is exact only in the limiting case when the spacing tends to zero, but it may be seen from Fig. 5 that it holds to a high degree of accuracy if bj\ c is less than 0-1 and A 0 /A c is greater than 0-2. With the aid of eqn. (6) and Figs. 4 and 5 the calculation of the refractive index for a given rodded medium may be carried out quite rapidly. From the given values of a, b, and r, the constant A is calculated using eqn. (6) and then the cut-off and r so that the refractive index has a specified value at a given wavelength. It is obvious that there is an infinite number of combinations of a, b and r which will produce the desired result, and the choice of the most suitable will be postponed until the other properties of the medium have been investigated.
(3) REFLECTIONS AT AN INTERFACE When a plane wave is incident normally at the interface between free space and a solid dielectric there is a reflected plane wave. The amplitude reflection coefficient, i.e. the ratio of the amplitudes of the reflected and incident waves, may readily be calculated with the help of the transmission-line analogy. It is obviously important to determine the corresponding reflection coefficient for an artificial dielectric, and this will now be done for the rodded dielectric illustrated in Fig. 3 . The direction of propagation, both in free space and within the medium, is taken to be that of the positive z-axis. The rodded medium may be represented by a continuous medium of refractive index n and impedance Z, provided that the position of the interface is selected as shown in Fig. 3 . The amplitude reflection coefficient is then given by the usual equation 
which is similar in form to the expression for the reflection coefficient at the interface between free space and a solid dielectric of refractive index n. The value of i? given by eqn. (16) is plotted in Fig. 6 as a function of 6/A 0 for the refractive indices 0-5 and 0 6. It is seen that R is never less than the limiting value given in eqn. (17) and that it increases quite rapidly as 6/A 0 increases. If the reflection losses from the surfaces of a rodded medium are to be kept as small as possible, it is essential to keep b/X 0 small, say not greater than 0 1. The reflection from the interface may be cancelled by applying matching techniques, such as are used in transmission-line work. A method which may conveniently be used is to insert an additional grating on the free-space side of the medium, as shown in -Use of an additional grating to cancel the reflection from an interface. Fig. lib) , and from a straightforward calculation it is found that there will be no reflection if the reactance X' has the value Z 0 (ZZ 0 )i/(Z -Z o ) and is placed a distance c, equal to (XQ/27T) arc tan {Z\Z$*, from the effective interface; Z is the impedance of the rodded medium as calculated from eqn. (4) . The radius of the rods required for the matching grating is obtained by substituting the above value of X' in eqn. (2) . A perfect match is achieved only for normal incidence and at the design wavelength, but, as with transmission lines, the reflection coefficient is considerably reduced over a band of wavelengths centred on the design value.
The above discussion of reflection is valid only if there are no higher-order reflected waves of the type discussed by Macfarlane.
For normal incidence they are absent if the spacing a is less than the free-space wavelength; but if any direction of incidence is permitted, the more stringent condition that a must be less than half the free-space wavelength is necessary to ensure complete freedom from higher-order reflected waves. It is assumed in the remainder of the paper that this latter condition is always satisfied. It is impossible to design a parallel-plate medium so that complete freedom from higher-order waves is obtained, and in practice the reflection loss is increased if the angle of incidence is such that these higher-order waves are excited.
(4) RESTRICTIONS ON THE ANALYSIS OF THE RODDED DIELECTRIC The analysis given so far is valid only when certain conditions are satisfied by the dimensions of the structure. First, each grating of rods can be represented by a shunt reactance only if a is less than the free-space wavelength-a condition which is modified to the requirement that a should be less than half the free-space wavelength to avoid extra reflected waves. Secondly, there must be no interaction between the reactive fields of successive gratings; the reactive or storage field of a grating may be expressed as a sum of evanescent modes whose attenuation coefficients are given by
when propagation in the direction of the z-axis is considered. The least attenuated mode is that for which s is unity, and if A o > la its attenuation coefficient is not less than
The reactive field is therefore attenuated by at least the factor exp [-Trb\/(3)la] in the distance between two adjacent gratings, and this factor has the values 0 0045 and 0 067 when b equals a and a/2 respectively. It is legitimate to neglect the effect of coupling between gratings when b is equal to or greater than a, but when b is less than a there may be a change in the refractive index and characteristic impedance because of such coupling. This is considered in the next Section.
The final condition is that r should be much less than a to ensure the validity of eqn. (2) . This can be avoided by the use of a more general result due to Marcuritz 13 as discussed in Section 5.3.
(5) EXTENSIONS OF THE ANALYSIS (5.1) When b is less than a An alternative analysis may be used when the spacing in the direction of propagation is less than the spacing normal to the direction of propagation. The basis of the method is an alternative calculation for the cut-off wavelength and its insertion in eqn. (13) .
When a wave is propagated in the direction of the z-axis, the phases at the corresponding points A and B in Fig. 1 are equal; at the cut-off wavelength the phases at A and C are also equal, and there is then no difference between the direction of propagation and the normal to it. Instead of calculating the cut-off wavelength from the limiting case of propagation in the direction of the z-axis, as was done previously, it is equally permissible to calculate it from a consideration of propagation in the direction of the x-axis, the only difference in the analysis being an interchange of the spacings a and b. To avoid confusion the value of the cut-off wavelength calculated in this alternative way is denoted by X' c , which is therefore given by interchanging a and b in eqn. (9), i.e. by 1 If the analysis were carried through exactly, A ( . as derived from eqn. (9) should equal A^ from eqn. (19) . In fact, only when a and b are equal do the two values agree exactly. The difference arises because of the neglect of the coupling of higher-order modes between two adjoining gratings, and so A ( . is the more reliable when b is greater than a and A^. the more reliable when b is less than a. There should be a small range of values of b\a around unity when \ and A^ are approximately equal. This may be investigated as follows:
where S is a small quantity. Then A c and A^ also differ by a small quantity.
Let
; A,(l -t -A )
Substitute for b and A^ in eqns. (9) and (19) and suggests that the principal effect of this coupling is a change in the effective value of the shunt reactance. This change is allowed for by substituting A^. for X c , and so it is permissible to retain eqn. (13).
(5.2) Propagation in Directions other than along the z-Axis The refractive index for propagation in the direction of the x-axis is calculated in the same way as for the z-axis, except that the spacings a and b are interchanged. Propagation in other directions lying in the plane perpendicular to the rods may be investigated by a simple extension of the theory already given. Suppose that a plane wave is incident upon a semi-infinite region which is filled with the rodded medium, as shown in If the rodded medium is replaced by an equivalent continuous medium there is no discontinuity in the x-direction and the field vectors must everywhere be proportional to exp (-jy o x sin 0 ( ). In the rodded medium there is an additional dependence on x because of the periodicity of the structure; this dependence is itself periodic and does not cause any phase difference between points such as A and B in Fig. 1 . Under the conditions shown in Fig. 9 , therefore, the only phase difference between A and B is 
From the dependence on x discussed above, the x-component of the propagation coefficient is y Q sin 0, and so the modulus of the coefficient is 7z\ ^ (y? + 7o sin 2 0,)* .
and from the usual definition of refractive index The refractive index is independent of j/r, and hence of ifj r The medium therefore behaves as if it were isotropic for waves incident in directions perpendicular to that of the rods, and so polarized that the electric field is parallel to the rods. The only condition to be satisfied by the medium itself is that the spacings a and b should both be much less than the free-space wavelength. It is not essential that a and b should be equal. Each grating can be represented by a single shunt inductance only if the diameter of the rods is much less than the spacing a. When this condition is not satisfied it is necessary to use a more elaborate representation for the grating, the most convenient being the T-network shown in Fig. 11 . Since the grating is -CD Fig. 11 .-Equivalent circuit for gratings of thick rods.
symmetrical about the plane through the axes of the rods, the series reactances are equal. Expressions for both the shunt reactance, X u and the series reactances, X 2 , are available, 13 but because of their complicated nature they will not be quoted here. The reference also contains numerical values for both X x and X 2 , covering the useful range of the parameters a and r. It may be noted that the shunt reactance is still inductive but that the series reactances are capaciitive.
Before the values of X x and X 2 can be applied to the present problem the equations for the refractive index and the impedance of the medium must be modified. This is done by carrying out an analysis of a loaded transmission-line circuit, such as that shown in Fig. 2 , in which each inductance is replaced by the T-network shown in Fig. 11 . The equations for the refractive index and the impedance, corresponding to eqns. (3) and (4) respectively, are thus found to be . .
The effect of the series elements on propagation through the medium is always much less than that of the shunt element, and so the general properties of the medium are not greatly changed.
For given values of the parameters of the medium, X x and X 2 may be obtained from Reference (13) , and substitution in the above equations then gives the refractive index and impedance of the medium.
(6) THE DESIGN OF A RODDED MEDIUM There is a wide choice of the parameters a, b and r which will give a desired refractive index at a specified wavelength. The foregoing discussion of the properties of the medium gives some indication of how this choice should be made. It appears that it is desirable to keep a and b as small as possible, since this ensures the smallest reflection from an interface and also makes the refractive index independent of the direction of propagation, at any rate subject to the restrictions discussed in Section 5.2. It may be noted that, in principle, it should be possible to remove these restrictions by the use of additional sets of wires at right-angles to the original ones. If an identical array of wires is inserted in the medium with their axes parallel to the x-axis (Fig. 1 ) the necessity for having the electric field of the incident wave parallel to the j>-axis is removed. The wires at right-angles to the electric field have a negligible effect on the propagation. If a third set of wires is placed parallel to the z-axis, a medium is obtained in which the refractive index is. equal in the three principal directions and is always less than unity for these directions. It is reasonable to suppose, on the basis of the analysis given in Section 5.2, that the refractive index is always less than unity for any incident wave, provided that the spacings are much less than the wavelength of operation. The rodded medium thus offers the possibility of constructing an isotropic medium of refractive index less than unity.
To offset these considerations the ease with which the medium can be constructed must be examined. The manufacturing difficulties are least if the rod spacings are as large as possible, for then the diameters of the rods become greatest. An idea of the magnitudes involved may be obtained by considering a medium for which the refractive index is to be 0-6. Only the case for which the spacings a and b are equal will be examined. The radii of the rods are then of the order of 10 13 A 0 , 10 *\Q, and 10~3A 0 for values of a/Ao of 0-1, 0-2 and 0-25 respectively. It is quite clear that it is impossible to use spacings as small as. 0lA o in practice. The least practicable spacing is 0-2A 0 , for which the medium will not be perfectly isotropic.
In applications for which the isotropy of the medium is not of particular importance it is not essential to use such small spacings,, and as seen from the numerical example given in Section 2 the diameter of the rods required becomes quite usable even at wavelengths of about 10 cm, when the spacing is about 0-4A 0 . The increase in the reflection from an interface resulting from such values of Z>/A o may be offset by the matching technique described in Section 3.
(7) A MEDIUM USING PERFORATED PLATES The common method of reducing the weight of a reflector,, such as a paraboloid, is to punch a large number of holes in the metal sheet forming the reflecting surface. 16 If the size and spacing of the holes are small compared with the wavelength it is found that they have very little effect upon the electrical performance of the reflector. It is natural to suppose that a similar technique can be applied to the plates of a metal-plate medium and that a considerable reduction in the weight can thereby beachieved. It is found, however, that even with the above condition on hole size and spacing there may be a significant change in the refractive index. In this Section is outlined a method of calculation giving an indication of the magnitude of this change.
It was seen in the Introduction that the refractive index of a normal plate lens, i.e. one with continuous plates, depends only on the ratio between the operating and the cut-off wavelengths. The first step in analysing the perforated-plate structure is therefore to find the change in cut-off wavelength and then to investigate the validity of eqn. (1). where a is the spacing between the plates and X is the reactance of a perforated plate for propagation in a direction normal to its surface.
The reactance depends on the size and spacing of the holes used in the perforated plate and is considered in detail in Section 7.2. For the types of plate of interest it is found that the reactance is always inductive and so may be written in the form
where A is independent of the free-space wavelength, equation for the cut-off wavelength becomes
The
which is identical with eqn. (9) if d is equal to 2irajX c . The results shown in Fig. 4 are therefore applicable, provided that b is replaced by a and that the appropriate value of A is used. When the plates are continuous they form short-circuits to propagation in the direction normal to them, and so X becomes zero and A infinite. Eqn. (37) then has the root 6 = IT, SO that A ( , 2a is in agreement with the result quoted in the Introduction. When the holes in the perforated plates are small, the change in the cut-off wavelength is also small and some approximations can be made to eqn. (37). Let the cut-off wavelength be equal to 2a', where a' can be regarded as an effective plate spacing, and let a'-^a+Sa (38) If this is substituted in eqn. (37) and all powers of 8a except the first are neglected, 8a = 2alA (39) The sign of 8a is such that the effective plate spacing is greater than the actual plate spacing. To this degree of approximation the increase in effective plate spacing is independent of the plate spacing itself, since by eqn. (36) A/a is independent of a. Comparison with the accurate solution of eqn. (37) as plotted in Fig. 4 shows that the error in using eqn. (39) to calculate the cut-off wavelength is less than 0-5 % if A is greater than 10.
2) The Reactance of a Perforated Plate It would be possible to calculate the reactance of a perforated plate by using the theory of diffraction, the procedure to be followed being described in detail by Copson 17 and others. 18 The amount of computation required to obtain numerical values is prohibitive in all except the simplest cases. Fortunately for the present application, values for the reactance may be deduced from experimental results obtained by Conn 15 during a study of delay dielectrics.
The principal types of perforation studied here are the square and hexagonal arrays of circular holes shown in Fig. 12 , and for the present it is assumed that the metal sheet has negligible thickness. It has been shown by Booker 14 that Babinet's principle in its electromagnetic form is equivalent to a relation between the effective reactance of a grating such as that shown in Fig. 12 and that of the complementary grating obtained by interchanging the metal and the holes. (Since the gratings shown in Fig. 12 are symmetrical, it is unnecessary to consider the rotation of the direction of the electric vector which is required in the general case.) The relation is where X and X' are the reactances of the grating and its complementary.
The gratings complementary to that shown in Fig. 12 are arrays of coplanar circular discs and have been studied experimentally by Cohn. 15 When the experimental values are inserted in eqn. (40) 
XX' .= -(40)
Hexagonal array of holes.
of the circular holes and b is the spacing between centres, as shown in Fig. 12 . The value of A may then be used in either eqns. (37) or (39) to obtain the cut-off wavelength for the perforated-plate structure.
Since one reason for using perforated plates is to reduce the weight of the medium, it is of interest to relate the change in the cut-off wavelength to the percentage of metal removed. The latter quantity equals 100m/ • Square array of holes. Hexagonal array of holes.
It follows that, since ha\b is constant for a given percentage reduction in weight, the change in cut-off wavelength decreases as the hole spacing decreases. In other words, if the percentage of metal removed is kept constant, the approximation to the continuous plate becomes better as the hole diameters are reduced.
(7.3) Calculation of the Refractive Index
It is possible to use the value of the cut-off wavelength derived in Section 7.2 to give the refractive index at other wavelengths. In principle, a formula for the refractive index could be obtained by considering the effect of the plate structure on free-space propagation. However, since the presence of the perforations in the plates usually causes only a small change from the propagation conditions within continuous plates, it is more convenient to find an equivalent circuit in which the basic transmission line corresponds to undisturbed propagation between such plates. The perforations are represented by reactive elements connected to this line, and the immediate problem is to find the nature of these reactances.
When the diameters of the holes are small compared with the free-space wavelength the reactances may be calculated by a method suggested by Bethe 19 for handling similar waveguide problems; the details are given in Appendix 12.1. It is shown that the perforations introduce shunt elements whose normalized reactance has the form
where A^ is the wavelength for propagation between the continuous plates, i.e.
and C is a parameter, independent of the wavelength, whose exact value is not required. The equivalent circuit for propagation within the perforated plates is therefore as shown in Fig. 15 , which may be analysed -H U-b -*\ in the same way as Fig. 2 . Since the analysis for the cut-off wavelength applies only when A/AQ is small, it is sufficient to find an equation for the refractive index valid under the same condition. Such an equation is obtained directly from the analysis of the metallic delay dielectric, and in the present notation is. 
Xj2a.
To the order of approximation considered, this result is valid for both square and hexagonal arrays of holes.
(7.4) Plates of Finite Thickness It has been assumed that the metal plates have negligible thickness, but in practice it is usual to use a plate thickness of at least 0-16 cm for the construction of a plate medium designed to operate in the 10-cm band, and this cannot be regarded as negligible in comparison with the hole diameters, which are of the order of 1 cm. A similar problem arises in the design of waveguide irises, and it is known that for shunt elements the thickness causes a reduction in the effective reactance. A method 13 of calculating the change may be applied with some slight modifications to the present problem. If the diameters of the holes are less than the free-space wavelength each hole behaves as a circular waveguide operating below cut-off wavelength. A sufficiently accurate estimate is obtained by considering only the excitation of the least attenuated mode within the hole; this is the H n mode and its attenuation coefficient is
where d is the diameter of the hole. The equivalent circuit for propagation through a plate of thickness t therefore has the form shown in Fig. 16 , if the holes are arranged in a square array as shown in Fig. 12(a) . The junction reactances are assumed to be equal to 2X, where X is the reactance of the corresponding perforated plate of zero thickness, and this ensures that when t tends to zero the results of the previous analysis are obtained. The characteristic impedance of the line representing propagation within the holes is chosen to allow for the magnitude of the coupling between free space and the holes. Its value is calculated by an application of the variational method and is
0-8916^0 (46)
The cut-off wavelength may now be calculated from the circuit shown in Fig. 16 , the condition for cut-off being that the voltages and currents at the points L and M are identical. From the symmetry of the complete structure this requires that the impedance at L presented to M must be infinite, thus corresponding to an open-circuit. This is in agreement with the result used in Section 7.2 that a magnetic wall inserted midway between two of the plates leaves the field distribution unaltered. It further follows from symmetry that the impedance at P (Fig. 16 in which A'has been replaced by the expression given in eqn. (36). An approximate value for the cut-off wavelength may be found by the method used in Section 7.1, and it is found that the increase in effective plate spacing is 8a'^8 a 1 4-
where 8a has the value given in eqn. (39).
The results given in eqns. (47) and (48) It is seen from eqn. (48) that for a given arrangement of holes in a perforated plate the change in the cut-off wavelength becomes less as the plate thickness is increased. This result also holds when the more general equation (47) has to be used.
(7.5) Reflection from a Perforated-Plate Medium A detailed analysis of the reflection at an interface between free space and a stack of perforated plates has not been made, but the principal results of interest may be deduced by comparison with continuous-plate and metallic delay media. If the spacing between the perforations is small, say less than onetenth of the operating wavelength, it is reasonable to suppose that for a wave incident normally on the medium the amplitude reflection coefficient will have the value (1 -n)/(l 4-«). Provided that only one reflected wave is excited, the variation of the reflection coefficient with angle of incidence will be similar to that for the continuous-plate medium.
The angle of incidence for which more than one reflected wave is excited depends on the spacing, a, between the plates, and as stated in Section 3, there will never be more than one reflected wave if a is less than AQ/2. It is therefore of interest to determine the possible values of refractive index when a is made equal to half the free-space wavelength for which the medium is designed to operate. The largest value of refractive index for a given spacing and operating wavelength is obtained when the reactance of the perforated plate is as large as possible. This, in turn, requires the use of the smallest value of A. It may be seen from Fig. 13 that the smallest convenient value of bAja is 4, and it now remains to select a suitable value for b\a. Since a is to be taken as Ao/2, it is undesirable to increase b\a much above 2/5. This corresponds to the value 1/5 for the ratio b\\ -a somewhat larger value than assumed in the previous analysis, but still sufficiently small to keep the assumptions reasonably well satisfied. It follows that a reasonable lower limit to A is 10, and so the approximate result given in eqn. (37) may be applied. The ratio \\a is then found to be 2-40. The refractive index for a wavelength equal to la may now be calculated from eqn. (42) and is found to be 0-66. It follows that it is possible to make the spacing a not greater than AQ/2 if the required value of refractive index does not exceed 0 • 66. This result has been derived on the assumption that the plates have negligible thickness. If allowance is made for the plate thickness it will be found that the possible values of refractive index are less than the figure given.
(7.6) Propagation in Directions other than Parallel to the z-Axis
The analysis of the perforated-plate medium has so far been restricted to propagation in the direction of the z-axis shown in Fig. 12 , but the general behaviour for other directions of propagation may' be predicted. If the direction of propagation is parallel to the yz-plane shown in Fig. 12 , the refractive index has the same value as for the direction of the z-axis if b is less than one-tenth of the wavelength within the plates. This may be shown by an analysis similar to that used to discuss the corresponding change in the refractive index of the rodded medium. For propagation normal to the plates the refractive index may be calculated from eqn. (5) if 9 is taken as ITTO/XQ and A has the value obtained from Fig. 13 . It was shown in Section 7.5 that the smallest practicable value of A is 10, if the hole spacings are restricted to be much less than the free-space wavelength. The cut-off wavelength must therefore be less then 2 • 2a. For the medium to function in the manner which has been described the free-space wavelength must be less than A c , and as shown in Section 2, it must also exceed 2a. Propagation of the type described is therefore possible only for the direction normal to the plates if the free-space wavelength lies between la and 2-2a. Such a restricted range would appear to make the perforated-plate structure unsuitable for propagation in this direction.
There are, however, two further possibilities. First, the band of wavelengths discussed in the paper is only one of an infinite set of bands in which propagation may occur. Although there is a stop band for wavelengths just below 2a, there are further pass bands for even smaller wavelengths and the medium could be designed so that propagation occurs in one of these. It is likely, however, that the rate of change of refractive index with free-space wavelength would then be larger than could be tolerated for most applications. Secondly, the restriction that the hole spacings be much less than the free-space wavelength may be dropped. This case has been investigated in detail by Simon, who calculated the effective phase change of the transmitted wave associated with each perforated plate. He has shown that this phase change depends markedly on the ratio of the hole diameter to the free-space wavelength, which should be at least 0-4 if the medium is to function satisfactorily for propagation normal to the plates. This is the reverse of the case discussed here, where it has been shown that it is advantageous to keep the hole diameters small compared with the free-space wavelength.
(8) EXPERIMENTAL RESULTS The usual methods of measuring refractive index at centimetre wavelengths involve placing a sample of the material in either a waveguide or a cavity resonator. Such methods are impossible for the media discussed here, since the periodicity of the structures is comparable with the cross-sectional dimensions of waveguides and resonators. Other possible measuring techniques include the use of an interferometer, the investigation of the phase dis-tribution in the direction of propagation and the measurement of the deviation introduced by a prism. The interferometer method is probably the most accurate, but it requires the provision of complicated apparatus and has so far not been used for measurements on the type of media discussed here. The second method was examined with the aid of an automatic phase plotter; the resulting phase distribution has periodicities corresponding to both the spacing in the structure and the effective wavelength, and the difficulty of separating these two makes the results of doubtful accuracy. Therefore, in order to obtain an approximate check of the theoretical results, prisms were constructed and the refractive indices deduced from the measured angles of deviation.
A rodded dielectric consisting of yV-in-radius rods, spaced at 3-55 cm in the direction of propagation and 3 • 9 cm in the normal direction, has been investigated in this way. A prism was constructed from rods of equal lengths supported by metal plates 1-ft apart and was placed, as shown in Fig. 17 , at the aperture of a horn which was lens-corrected to provide a plane phase-front. With the arrangement used the direction of propagation through the prism was parallel to the r-axis. The deviation of the emerging beam-the angle D defined in Fig. 17 was measured for a number of wavelengths, and the refractive index was calculated from the relation
where P is the angle of the prism. Eqn. (49), which can be derived by the methods of geometrical optics, is applicable only when the refractive index is less than unity. The angle of the prism was 43° 20', corresponding to a prism in which each row has one more rod than the previous one. The values of n so obtained are plotted against the free-space wavelength in Fig. 18 , together with the theoretical curve deduced from eqn. (3). The errors in measuring the deviations did not exceed 30' so that the possible errors in the refractive index are of the order of 0 01. On the average, however, the experimental values of n are nearly 0 02 less than the theoretical values. The difference between the experimental and theoretical values is due to the use of the approximate result of eqn. (2) for the reactance of the rodded grating. More accurate values for the refractive index may be calculated by using the analysis given in Section 5.3 and are shown by the dotted curve in Fig. 18 . This agrees more closely with the experimentally determined values than does the solid curve. It is interesting to note that although b is less than a it has not been necessary to take the effect of coupling between adjacent gratings into account.
Similar measurements have been made on a stack of perforated plates in which a = 4-45 cm, </=l-27cm and t -0-16 cm. The plates were obtained commercially, the holes being arranged in an approximately hexagonal array, with a mean spacing between centres of 1 • 91 cm. From measurements carried out on two prisms with angles of 24° and 30° the cut-off VOL. 100, PART IV. The values of the cut-off wavelength given in (b) and (c) are obtained from the equations in Section 7 relating to an hexagonal array of holes in each plate. It is doubtful whether the errors in the experimental determination are less than 0*5%, and so the close agreement between the experimental value and estimate (c) may be partly fortuitous. It does appear, however, that the method of calculation provides an estimate of the cut-off wavelength which is sufficiently good for normal design purposes. The accuracy of the measured values of refractive index at wavelengths less than the cut-off wavelength was insufficient to provide a check on eqn. (42).
(9) CONCLUSIONS The two media considered in the paper extend the scope of artificial dielectrics. The first, consisting of continuous rods parallel to the electric field of an incident electromagnetic wave, provides the possibility of a medium which has a refractive index less than unity and which is free from the constraining action of a set of parallel plates. It may be designed in such a way that the refractive index is independent of the direction of propagation, so long as the condition that the electric field is parallel to the rods is maintained. Perforating the plates of a metal-plate medium gives a considerable reduction in weight and at the same time allows the spacing between the plates to be reduced so that undesirable effects arising from higher-order reflected waves may be minimized.
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.). The incident wave is an
Hjo mode travelling in the direction of the positive z-axis and having its electric-field vector directed along the y-axis. So far as this wave is concerned, a set of holes whose centres lie in any plane for which z is constant is a single reactive element. Consider then the set of holes whose centres lie in the plane z = 0. Because of the symmetry of the structure it is possible to insert conductors in the planes y -b\2 and magnetic walls in the plane x = ajl and in the aperture of the hole whose centre is at the origin. It is now sufficient to consider the effect of the hole at the origin upon the propagation within the guide formed by the conductors in the planes y = ± b/2 and the magnetic walls in the planes x = 0 and x = a\2. When the diameter of the hole is small compared with a and b, Bethe's method of analysis 19 may be used. In this method the presence of the hole is accounted for by placing at the origin a magnetic dipole whose moment is proportional to the tangential magnetic-field strength in the incident wave at the position of the hole, so that in the present case the dipole will be directed along the z-axis. The precise value of the moment m z is not required, but may be found by solving the corresponding magnetostatic problem.
The next stage in the solution is to find the magnitudes of the fields scattered by the dipole. Those fields consist of H 10 modes radiated in both directions and an infinite number of evanescent modes which decay very rapidly as the distance from the dipole increases. The amplitude of the H 10 mode which propagates towards the generator is the reflection coefficient J?,and an outline of the way in which it may be calculated is given below.
A magnetic dipole is equivalent to a fictitious distribution of magnetic current J z such that 
and if the diameter of the hole at the origin is small the reflection coefficient is also small. The equivalent circuit is then a shunt element whose normalized reactance is given to a sufficient degree of approximation by -2jR . . .
. (56)
The normalized reactance is therefore directly proportional to A^/A^, and this is the result used in Section 7.2. The frequency dependence has been established only for holes whose diameters are small compared with the free-space wavelength, but since the remainder of the analysis for the perforated plates applies rigorously only under the same condition, this is not a serious limitation.
